Abstract. For each group G having an infinite normal subgroup with the relative property (T) (for instance groups of the form G = Γ×Γ 0 , where Γ is infinite with property (T) and Γ 0 is arbitrary), we construct a sequence of free ergodic measure-preserving actions {σ n } n on the probability space such that the 1'st cohomology group of σ n , H 1 (σ n ), is equal to Char(G) × Z/nZ, n ≥ 1. We deduce that if the group G is finitely generated then the actions σ n , n ≥ 1, are non stably orbit equivalent.
Preliminary remarks
Let σ : G → Aut(X, µ) be a measurable, measure preserving, free, ergodic action of the countable discrete group G on the probability space (X, µ). We still denote by σ the integral preserving action it implements on A = L ∞ (X, µ). Let U(A) = {u ∈ A | uu * = 1} denote the group of unitary elements of A. A function w : G → U(A) satisfying w g σ g (w h ) = w gh , ∀g, h ∈ G, is called a 1-cocycle for σ. A 1-cocycle w is coboundary if there exists u ∈ U(A) such that w g = σ g (u)u * , ∀g ∈ G. Two 1-cocycles w, w ′ are cohomologous if there exists u ∈ U(A) such that w ′ g = u * w g σ g (u), ∀g ∈ G. We then write w ∼ o w ′ . Denote by Z 1 (σ) the set of all 1-cocycles, endowed with the group structure given by point multiplication, by B 1 (σ) ⊂ Z 1 (σ) the subgroup of all coboundaries and by
The group H 1 (σ) was first emphasized in ( [Si] ). It was also noticed in ( [Si] ) that Z 1 (σ), B 1 (σ), H 1 (σ) can be identified with certain groups of automorphisms of the II 1 factor M = A ⋊ σ G, as follows:
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Typeset by A M S-T E X Let Aut(M ; A) denote the set of automorphisms of M that leave all elements in A fixed. If θ ∈ Aut(M ; A) then w θ g = θ(u g )u * g is a 1-cocycle and vice-versa if w ∈ H 1 (σ) then θ w (au g ) = aw g u g defines an automorphism of M that fixes A. Clearly, θ → w θ , w → θ w are group morphisms and are inverse one another, thus identifying H 1 (σ) with Aut(M ; A). Note that through this identification, B 1 (σ) corresponds to the inner automorphism group Int(M ; A) = {Ad(u) | u ∈ U(A)}. Thus H 1 (σ) is naturally isomorphic to Out(M ; A) def = Aut(M ; A)/Int(M ; A). The groups Aut(M ; A), Int(M ; A), Out(M ; A) make actually sense for any pair A ⊂ M consisting of a separable II 1 factor with a Cartan subalgebra.
For
, for some probability space (X, µ), with µ corresponding to τ |A , where τ is the trace on M , then we denote by N A⊂M the full group of all isomorphisms of (X, µ) implemented by Ad(u), u ∈ N M (A) and by G A⊂M the full groupoid (or measurable groupoid) of local isomorphisms φ v = Ad(v), v ∈ GN M (A), of (X, µ). We denote by R A⊂M the countable, measurable, measure preserving, ergodic equivalence relation implemented on (X, µ) by the orbits of N A⊂M .
With these notations, if
Conversely, if we denote by Z 1 (G) the set of all such 1-cocycles and take w ∈ Z 1 (G) then θ w (av) = aw φ v v defines a unique automorphism θ w ∈ Aut(M ; A). The maps θ → w θ , w → θ w are inverse one another, thus establishing similar identifications as in the cross product case.
The group H 1 (R) defined for a measurable equivalence relation R on (X, µ) in
, and thus can be naturally identified with Out(M ; A).
Since we clearly have Out(M ; A) =Out(M t ; A t ) for any t > 0, where
t denotes the amplification of A ⊂ M by t, it follows that we have altogether proved:
1.1. Proposition. 1
• . If R is a countable, measurable, measure preserving, ergodic equivalence relation then
• . If σ is a free ergodic measure preserving action then
• . H 1 (σ) is invariant to stable orbit equivalence.
Some calculations of H 1 (σ) with applications
Starting from actions of w-rigid groups G by Bernoulli shifts, we construct in this section some other classes of examples of free ergodic actions σ n of G for which we can calculate the first cohomology group, H 1 (σ n ). The calculation shows that if G is finitely generated then {σ n } n are mutually non-orbit equivalent and that they are non w-malleable for all n ≥ 2.
2.1. Lemma. Let G be an infinite group and Γ a finite group. Let σ : G × Γ → Aut(A, τ ) be a free, ergodic action of G × Γ on the abelian von Neumann algebra A which preserves the normal faithful state τ on A.
. Also, if σ is weakly mixing when restricted to some infinite subgroup H ⊂ G then σ Γ |H is weakly mixing.
Proof. Note first that σ |Γ free implies there exists a partition of 1 with projections
Since σ Γ is a restriction of σ, it is clearly ergodic (resp. weakly mixing on H ⊂ G when σ |H is weakly mixing). To see that it is free, assume there exists a nonzero projection p ∈ A Γ and an element g 0 ∈ G \ {e} such that σ(g 0 ) |A Γ p = id A Γ p . Since {e, g 0 γ | γ ∈ Γ}, are distinct elements of G × Γ and σ is free, it follows that there exists a non-zero projection q ∈ Ap e such that {q} ∪ {σ(g 0 γ)(q)} γ are mutually orthogonal projections. Thus qΣ γ∈Γ σ(g 0 γ)(q) = 0. But Ap e = A Γ p e so if we denote q 0 = Σ γ σ(γ)(q) then q 0 ∈ A Γ p, q 0 ≥ q and we get qσ(g 0 )(q 0 ) = 0, contradicting σ(g 0 )(q 0 ) = q 0 .
Q.E.D. The next result is probably well known, but we give a detailed proof for completeness. The "von Neumann algebra" argument we use is in fact implicit in (Section 7 of [Po4]).
Lemma. With the notations of
Proof. By ([FM] ) it is sufficient to show that if we denote
But this is clear, since if we denote {u γ } γ ⊂ M 1 the canonical unitaries implementing σ |Γ and use the notations in the proof of 2.1, then the projection q e = |Γ| −1 Σ γ u γ ∈ M 1 satisfies [N, q e ] = 0, q e p e is a scalar multiple of a partial isometry with source p e and range q e and q e p e (A ⊂
2.3. Theorem. Let G be a w-rigid group, Γ a finite group and σ a w-malleable action of G × Γ which is weakly mixing when restricted to an infinite normal subgroup H ⊂ G with (G, H) having the relative property (T ). Let σ Γ be the free ergodic measure preserving action of G defined out of σ as in 2.1. Then H 1 (σ Γ ) = Char(G × Γ).
Proof. By Lemma 2.2 we have
) and by 1.1 the latter is equal
2.4. Corollary. Let G be a w-rigid group. For each n ≥ 1 denote σ n the action of G given by σ Z/nZ , where σ is a Bernoulli shift action of G × Z/nZ. Then H 1 (σ n ) = Char(G) × Z/nZ. Thus, if G is finitely generated then {σ n } n≥1 are mutually non-orbit equivalent and σ n are not w-malleable for n ≥ 2.
Proof. Since Bernoulli shifts are w-malleable, the first part is a particular case of Theorem 2.3. If in addition G is finitely generated, then Char(G) × Z/nZ are distinct groups, for n ≥ 1. Also, if σ n would be w-malleable then by Theorem 2.3 we would have H 1 (σ n ) = Char(G), which for n ≥ 2 is a contradiction. Q.E.D.
